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Abstract
The low-energy effective action for the N = 4 super Yang-Mills on the Coulomb
branch is known to include an SO(6)-invariant Wess-Zumino (WZ) term for the six
scalar fields. For each maximal, non-anomalous subgroup of the SU(4) R-symmetry,
we find a four-dimensional form of the WZ term with this subgroup being manifest.
We then show that a recently proposed expression for the four-derivative part of
the effective action in N = 4 USp(4) harmonic superspace yields the WZ term with
manifest SO(5) R-symmetry subgroup. The N = 2 SU(2) harmonic superspace
form of the effective action produces the WZ term with manifest SO(4) × SO(2).
We argue that there is no four-dimensional form of the WZ term with manifest
SU(3) R-symmetry, which is relevant for N = 1 and N = 3 superspace formulations
of the effective action.
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1 Introduction
Wess-Zumino (WZ) terms arise in low-energy quantum effective actions as a consequence
of anomalies in global symmetries [1, 2]. In a four-dimensional gauge theory, with gauge
group Gg and global symmetry group Ggl, the anomaly in Ggl can appear in a ‘global-
gauge-gauge’ or in a ‘global-global-global’ triangle diagram. In the former case, the global
symmetry is broken at the quantum level: the Noether current of Ggl is not conserved
and the quantum effective action has non-zero variation under Ggl. However, if only the
‘global-global-global’ diagram is anomalous, Ggl is not broken at the quantum level: the
current is conserved and the effective action is invariant. Still, the anomaly manifests
itself in the appearance of the WZ term, which can be understood using ’t Hooft anomaly
matching argument [3, 4].
2
This is precisely what happens in the N = 4 super Yang-Mills (SYM) theory [5, 6],
which has global SU(4) R-symmetry with anomalous ‘global-global-global’ diagram. 2
When the gauge group Gg is spontaneously broken to a subgroup Hg, and |Gg| − |Hg|
massive gauginos are integrated out, a WZ term [13] appears in the effective action with
the coefficient proportional to |Gg| − |Hg| so that ’t Hooft anomaly matching is satisfied
[4, 14]. As the scalars receiving vacuum expectation values are in the adjoint of Gg, the
unbroken Hg necessarily has a U(1) subgroup [15], so that the theory is ‘on the Coulomb
branch.’
The basic example has Gg = SU(2) spontaneously broken to Hg = U(1) [16]. The
massless degrees of freedom then constitute one N = 4 abelian multiplet containing
the Maxwell field-strength Fmn, six scalars XA and four gauginos (in the 1, 6 and 4
representation of SU(4)R, respectively). The low-energy effective action, Γ, is conformal
and N = 4 supersymmetric [17], albeit very non-local. Within the derivative expansion of
the effective action [18], the two-derivative part, Γ2, is given by the classical N = 4 super
Maxwell action [19]. The first non-trivial contribution is given by the four-derivative part,
Γ4, which includes the so-called ‘F
4/X4’ term [20, 21],
1
(8π)2
∫
d4x
1
(XAXA)2
(
FmnF
nkFklF
lm − 1
4
(FpqF
pq)2
)
, (1.1)
as well as the pure-scalar WZ term [13, 14] (shown here in its five-dimensional form),
− 1
60π2
∫
d5x εMNKLPεABCDEF
1
|X|6XA∂MXB∂NXC∂KXD∂LXE∂PXF , (1.2)
where |X|2 = XAXA. In this paper, we will analyze superfield actions which include both
(1.1) and (1.2) among their components and thus represent the N = 4 SYM low-energy
effective action Γ4.
To write the WZ term (1.2) directly as a d = 4 integral, one has to sacrifice part of
the manifest SO(6) R-symmetry. The ’t Hooft anomaly matching argument [3, 4] tells us
that all anomalous R-symmetry generators must transform the four-dimensional WZ term
into a total divergence, and therefore anomalous R-symmetry subgroups cannot remain
manifest. Among the four maximal subgroups of SO(6)R ≃ SU(4)R [15, 22] (defined by
the decomposition of the 4 of SU(4)R),
SU(3)× U(1), 4 = 3+1 + 1−3
SO(5) ≃ USp(4), 4 = 4
SO(4)× SO(2) ≃ SU(2)× SU(2)× U(1), 4 = (2, 1)+1 + (1, 2)−1
SO(3)× SO(3) ≃ SU(2)× SU(2), 4 = (2, 2) , (1.3)
2 The N = 4 SYM is a chiral theory. Its fermionic degrees of freedom are positive helicity 4 and
negative helicity 4¯ of SU(4)R, all in the adjoint of the gauge group Gg. The SU(4)R currents are chiral,
and there is an anomaly in their triangle diagram proportional to the number of charged fermions, and
thus to the dimension |Gg| of the gauge group [7, 8, 9, 10, 11]. There are, however, no anomalies involving
the gauge group currents, and the full superconformal group PSU(2, 2|4) is unbroken at the quantum
level [12].
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the first subgroup is anomalous, whereas the other three are non-anomalous. 3 For each
of the non-anomalous subgroups, we will explicitly construct a four-dimensional form of
the WZ term with this subgroup being manifest. For the SU(3)×U(1) subgroup, this is
not possible, according to the above argument.
Supersymmetry of the N = 4 SYM effective action Γ would be best utilized by writing
it as a superspace functional. In this paper, we will consider the superspace form of Γ
on classical shell. Namely, we will constrain the fields of the N = 4 gauge multiplet to
satisfy their equations of motion,
∂mFmn = XA = 0 . (1.4)
As is well-known, the effective action Γ restricted to on-shell fields is related to the S-
matrix functional [24].
On shell, the four-derivative part of the effective action, Γ4, turns out to be simplest
in N = 4 USp(4) harmonic superspace [25, 26]. The gauge multiplet is then represented
by a single N = 4 superfield strength W, and we find that
Γ4 = − 1
96π2
∫
dζdv ln
W
Λ
, (1.5)
where the integral is over an analytic subspace of the N = 4 superspace. This form of
the N = 4 SYM effective action was suggested in [26]. We will confirm its correctness by
demonstrating that it does reproduce both the ‘F 4/X4’ and the WZ term.
In the more familiar N = 2 SU(2) harmonic superspace [27, 28], the N = 4 gauge
multiplet is described by one N = 2 gauge superfield strength W and one N = 2 hyper-
multiplet superfield q+a . The expression for Γ4 in this superspace was found by Buchbinder
and Ivanov [29] to have the following form 4
Γ4 =
1
(4π)2
∫
d4xd8θdu
{
ln
W
Λ
ln
W¯
Λ
+
∞∑
n=0
1
n2(n+ 1)
(
−q
+aq−a
WW¯
)n}
, (1.6)
where the integration is over the full N = 2 harmonic superspace. It has been known that
this action contains the ‘F 4/X4’ term (1.1). We will demonstrate that it contains the WZ
term (1.2) as well. The actions (1.5) and (1.6) are, therefore, equivalent on classical shell.
This paper is organized as follows. In Section 2, we will present the manifestly SO(5),
SO(4)×SO(2) and SO(3)×SO(3)-invariant forms of the SO(6)-invariant WZ term (1.2).
These will follow from a more general construction valid in any dimension. In Sections 3
and 4, we will motivate and analyze the superspace actions (1.5) and (1.6), respectively,
giving details for the corresponding superspaces in Appendices A and B. In Section 5, we
will summarize our results and discuss some related questions.
3The anomaly is absent for the USp(4) and SU(2)× SU(2) subgroups because the 4 of USp(4) and
2 of SU(2) are self-conjugate [23]. The potential U(1) anomaly for the SU(2)× SU(2)× U(1) subgroup
cancels due to the symmetric U(1) charge assignments in 4 = (2,1)+1 + (1,2)−1.
4 The hypermultiplet-independent part of (1.6) is given by the non-holomorphic potential [18] found
in [30, 20]. The overall coefficient has been calculated perturbatively in [31, 32, 33, 34, 35] and is directly
related to the coefficient in (1.1).
4
2 SO(6)-invariant WZ term
The WZ term (1.2) corresponds to a particular case of the d-dimensional WZ term in
the SO(d+ 2) sigma model [36, 37, 38]. In this section, we will construct d-dimensional
Lagrangian forms for this term with manifest SO(n)×SO(d+2−n) subgroups of SO(d+2),
and then specialize to d = 4. For n = d + 1, our results reproduce those in [37]. To the
best of our knowledge, the results for other n are new.
2.1 Various forms of the SO(d+ 2)-invariant WZ term
The SO(d+ 2)-invariant d-dimensional WZ term is constructed out of Goldstone bosons
parametrizing Sd+1 = SO(d+2)/SO(d+1). Introducing a (d+2)-component scalar field
XA, with A = 1, . . . , d+ 2, we will use the normalized scalar field YA,
YA =
XA
|X| , |X| =
√
XAXA, YAYA = 1 , (2.1)
to parametrize Sd+1. The WZ term is given by the (d + 1)-dimensional integral of a
(d+1)-form that generates the de Rham cohomology group Hd+1(Sd+1;R) = Z [39]. The
simplest choice of such a form corresponds to the volume form on Sd+1,
ωd+1 =
εA1...Ad+2
(d+ 1)!
YA1dYA2 ∧ dYA3 ∧ · · · ∧ dYAd+2
= dd+1x
εA1...Ad+2
(d+ 1)!
εM1...Md+1YA1∂M1YA2 . . . ∂Md+1YAd+2 . (2.2)
The conventionally normalized WZ term is then defined as follows [37, 38]
S
(d)
WZ = −N
(d/2)!
πd/2
∫
ΩY
ωd+1 . (2.3)
Here ΩY is a hemisphere in S
d+1 whose boundary, ∂ΩY , is the image of the d-dimensional
space-time, viewed as a large Sd, under the map YA(x) [2, 40]. For any integer N , choosing
another hemisphere changes S
(d)
WZ by 2π times an integer.
Let us now split the index A into a = 1, . . . , n and a′ = n + 1, . . . n + m, where we
defined m = d+ 2− n. With the convention ε1...(n+m) = ε1...nεn+1...n+m, we then have
ωd+1 =
1
m
ωn−1 ∧ dω′m−1 + (−)n
1
n
dωn−1 ∧ ω′m−1 , (2.4)
where
ωn−1 =
εa1...an
(n− 1)!Ya1dYa2 . . . dYan , ω
′
m−1 =
εa
′
1
...a′m
(m− 1)!Ya′1dYa′2 . . . dYa′m . (2.5)
Introducing y = YaYa = 1− Ya′Ya′, we find the following useful identities
dy ∧ ωn−1 = 2
n
ydωn−1, dy ∧ ωm−1 = − 2
m
(1− y)dωm−1 , (2.6)
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where we used that the antisymmetrization in (n + 1) n-dimensional indices yields zero.
It then follows that
ωd+1 = (−)ndy ∧ ωn−1 ∧ ω
′
m−1
2y(1− y) . (2.7)
Next, we take the following ansatz 5
ωd+1 = d
(
f(y)ωn−1 ∧ ω′m−1
)
, (2.8)
and also bring it to the form (2.7) using the identities (2.6). We then immediately find
that f(y) must satisfy the following differential equation,
d
dy
f(y) +
1
2
(
n
y
− m
1− y
)
f(y) =
(−)n
2y(1− y) . (2.9)
Its general solution is given by 6
f(y) =
(−)n
2yn/2(1− y)m/2
{
By
(n
2
,
m
2
)
− C B
(n
2
,
m
2
)}
, (2.10)
where C is the constant of integration. The solution is regular at y = 0 if C = 0 and
regular at y = 1 if C = 1. Choosing f(y) that is non-singular in ΩY and using Stokes’s
theorem, we obtain the d-dimensional form of the WZ term with manifest SO(n)×SO(m)
invariance, (d = n+m− 2),
S
(d)
WZ = −N
(d/2)!
πd/2
εa1...an
(n− 1)!
εa
′
1...a
′
m
(m− 1)!
∫
∂ΩY
f(YaYa)Ya1dYa2 . . . dYanYa′1dYa′2 . . . dYa′m . (2.11)
The residual transformations from SO(d + 2) vary the integrand in this expression into
an exact d-form, consistent with the fact that S
(d)
WZ is SO(d+ 2) invariant.
2.2 SO(6) WZ term with manifest SO(5)
For d = 4, (2.3) gives the manifestly SO(6)-invariant WZ term
S
(4)
WZ = −
N
60π2
∫
ΩY
εABCDEFYAdYB ∧ dYC ∧ dYD ∧ dYE ∧ dYF , (2.12)
which reduces to (1.2) for N = 1. Using (2.11) with n = 5 and m = 1, we then obtain
the 4-dimensional form of this WZ term with manifest SO(5) invariance,
S
(4)
WZ =
N
60π2
∫
∂ΩY
εabcde
g(z)
Y 56
YadYb ∧ dYc ∧ dYd ∧ dYe
=
N
60π2
∫
d4x εmnpqεabcde
g(z)
X56
Xa∂mXb∂nXc∂pXd∂qXe , (2.13)
5 The volume form ωd+1 is closed, but not exact. This is consistent with (2.8) only if f(y) is singular
at some value of y in the interval 0 ≤ y ≤ 1.
6 B(n,m) = Γ(n)Γ(m)/Γ(n +m) is the Euler beta function, and By(n,m) =
∫ y
0
dt tn−1(1 − t)m−1 is
the incomplete beta function satisfying B1(n,m) = B(n,m).
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where m = 0, 1, 2, 3 is the four-dimensional space-time index, a = 1, 2, 3, 4, 5 is the SO(5)
index, and we defined g(z) = −5(1 − y)3f(y) with
z2 =
y
1− y =
YaYa
Y 26
=
XaXa
X26
. (2.14)
This function satisfies the following equation
z
d
dz
g(z) + 5g(z) =
5
(1 + z2)3
, (2.15)
and its solution that is regular at z = 0, with g(0) = 1, is given by
g(z) =
5
8z5
(
3 arctan z − z(3 + 5z
2)
(1 + z2)2
)
=
5
2
∞∑
n=0
(n + 2)(n+ 1)
2n + 5
(−z2)n . (2.16)
In Section 3, we will show that this function arises naturally from (1.5), i.e. from the
N = 4 SYM effective action in the N = 4 USp(4) harmonic superspace.
2.3 SO(6) WZ term with manifest SO(4)× SO(2)
When n = 4 and m = 2, the solution to (2.9) that is regular at y = 0 is simply
f(y) =
1
4(1− y) . (2.17)
The form of the WZ term (2.12) with manifest SO(4)× SO(2) invariance is then
S
(4)
WZ = −
N
12π2
∫
∂ΩY
εabcdεa
′b′YadYb ∧ dYc ∧ dYd ∧ Ya
′dYb′
Yc′Yc′
= − N
12π2
∫
d4x εmnpqεabcdεa
′b′Xa∂mXb∂nXc∂pXd
(XeXe +Xd′Xd′)2
Xa′∂qXb′
Xc′Xc′
, (2.18)
where now a = 1, 2, 3, 4 is the SO(4) index, a′ = 5, 6 is the SO(2) index, and we used
that 1− y = Yc′Yc′. Introducing the following polar decomposition
X6 + iX5 = Xe
iα , (2.19)
we then find that
S
(4)
WZ =
N
12π2
∫
d4x εmnpqεabcd
Xa∂mXb∂nXc∂pXd
(XeXe +X2)2
∂qα . (2.20)
In this form, the SO(2) acts by shifting α by a constant. In Section 4, we will see this
form of the WZ term arising from (1.6), i.e. from the N = 4 SYM effective action in the
N = 2 SU(2) harmonic superspace.
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2.4 SO(6) WZ term with manifest SO(3)× SO(3)
Using (2.11) with n = 3 and m = 3, we obtain the form of the WZ term (2.12) with
manifest SO(3)× SO(3) invariance,
S
(4)
WZ = −
N
2π2
∫
∂ΩY
εabcεa
′b′c′f(y)YadYb ∧ dYc ∧ Ya′ dYb′ ∧ dYc′ , (2.21)
where y = YaYa = 1 − Ya′Ya′ . The solution for f(y) is as given by (2.10) with C = 0.
However, we will not discuss this form of the WZ term further in this work.
To summarize, we have found that the WZ term (1.2) can be written in three different
four-dimensional forms, with manifest SO(5), SO(4)×SO(2), or SO(3)×SO(3), respec-
tively. The residual SO(6) transformations are non-manifest symmetries of S
(4)
WZ : they
vary the integrands in the corresponding expressions into total divergences. Conformal
SO(4, 2) transformations similarly split into manifest (leaving the integrands invariant)
and non-manifest (changing the integrands by total divergences) symmetries.
In the following sections, we will find that the SO(5) and SO(4) × SO(2) forms of
the WZ term correspond, respectively, to the N = 4 and N = 2 harmonic superspace
formulations of the N = 4 SYM effective action.
3 Effective action in N = 4 harmonic superspace
In this section, we will establish the N = 4 harmonic superspace form for the four-
derivative part in the N = 4 SYM effective action on the Coulomb branch. An extensive
list of N = 4 harmonic superspaces, with harmonics defined on various coset manifolds
G/H , is given in [25]. We will use the one with USp(4)/[U(1)×U(1)] harmonics [26]. This
choice is motivated by the fact that the WZ term, which must be present in the effective
action, can be chosen to respect manifest USp(4) ≃ SO(5). Our conventions and basic
features of the N = 4 USp(4) harmonic superspace are explained in Appendix A.
3.1 Scale-invariant effective action
In N = 4 USp(4) harmonic superspace, the N = 4 gauge multiplet is described by a
constrained superfield W. The constraints make the component fields satisfy on-shell
equations (1.4). In the bosonic sector, the component decomposition of W reads 7
W = ϕ+ iXav5a +
1√
2
(θ(+,0)α θ
(−,0)
β σ
mα
α˙σ
nβα˙ − θ¯(0,+)α˙ θ¯(0,−)β˙ σmα˙ασnαβ˙)Fmn
−2iθ(+,0)α θ¯(0,+)α˙ ∂αα˙Xa(v1a − iv2a) + 2iθ(−,0)α θ¯(0,−)α˙ ∂αα˙Xa(v1a + iv2a)
+2iθ(+,0)α θ¯
(0,−)
α˙ ∂
αα˙Xa(v
4
a − iv3a) + 2iθ(−,0)α θ¯(0,+)α˙ ∂αα˙Xa(v4a + iv3a)
+4θ(+,0)α θ
(−,0)
β θ¯
(0,+)
α˙ θ¯
(0,−)
β˙
∂αα˙∂ββ˙ [ϕ− iXav5a] . (3.1)
7 The missing fermionic components are given explicitly in eq. (5.21) of [26]. They are naturally
written using USp(4) harmonics u. For the bosonic components, however, we found it more convenient
to use the SO(5) harmonics v [41, 42]. The v’s are given in terms of u’s in (A.33).
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Here ϕ and Xa are the six scalars split into 1 and 5 of USp(4). The SO(5) harmonics v
b
a
and Grassmann coordinates θ’s are defined in Appendix A.
In general, the effective action is a functional which can be written as a superspace
integral of some function of W and its covariant superspace derivatives. We point out
that the analytic measure dζ , written explicitly in (A.16,A.17), yields eight Grassmann
derivatives, or, equivalently, four space-times ones. Hence, the four-derivative part of the
effective action Γ4 is given by
Γ4 =
∫
dζdvH(W) , (3.2)
with some function H(W) of the superfield strength without derivatives. This function
can be fixed using scale invariance of the N = 4 SYM effective action. As the measure
dζdv is dimensionless, H(W) should also be dimensionless. As W has mass dimension
one, we have to introduce a parameter Λ such that W/Λ is dimensionless and choose
H(W,Λ) = H(W/Λ) . (3.3)
However, as the dependence on Λ must disappear upon integration over superspace, we
are lead uniquely to
H = κ lnW
Λ
, (3.4)
with some constant coefficient κ. Rescaling W then shifts H by a constant which yields
zero under the dζ integral.
We conclude that the four-derivative part of the N = 4 SYM effective action on the
Coulomb branch in N = 4 USp(4) harmonic superspace has the following simple form
Γ4 = κ
∫
dζdv ln
W
Λ
. (3.5)
We will show that this action contains the ‘F 4/X4’ term (1.1) and the WZ term (2.13).
This will allow us to fix the coefficient κ.
3.2 The ‘F 4/X4’ term in the N = 4 superspace action
In order to identify the F 4/X4 term (1.1) inside (3.5), it is sufficient to consider W with
constant scalar fields ϕ and Xa. Then only the first line in (3.1) survives. Substituting
this simplified expression for W into the action (3.2) and integrating over θ’s, we find
ΓF 4 =
1
4
∫
d4xdvH(4)(ϕ+ iXav5a)
(
FmnF
nkFklF
lm − 1
4
(FpqF
pq)2
)
, (3.6)
where H(n) stands for the n’th derivative of H with respect to its argument. To compute
the harmonic integral, we expand H(4) in the Taylor series,
H(4)(ϕ+ iXav5a) =
∞∑
n=0
1
n!
H(4+n)(ϕ)(iXav5a)n . (3.7)
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Applying (A.37) to each term in the series, we obtain
ΓF 4 =
1
4
∫
d4x
(
FmnF
nkFklF
lm − 1
4
(FpqF
pq)2
) ∞∑
n=0
3(−XaXa)n
(2n+ 1)!(2n+ 3)
H(4+2n)(ϕ) . (3.8)
For the function H given in (3.4), we have
H(n)(ϕ) = κ(−1)
n−1(n− 1)!
ϕn
. (3.9)
Substituting this expression into (3.8) and summing the series, we find
ΓF 4 = −3
2
κ
∫
d4x
FmnF
nkFklF
lm − 1
4
(FpqF
pq)2
(ϕ2 +XaXa)2
. (3.10)
This matches (1.1) provided we identify ϕ = X6 and set
κ = − 1
96π2
. (3.11)
Then the superfield action (3.5) contains the ‘F 4/X4’ term (1.1).
3.3 The WZ term in the N = 4 superspace action
In order to identify the WZ term (2.13) inside (3.5), we keep the terms in (3.1) with
derivatives on the scalars, but ignore the terms with Fmn. Substituting the resulting
expression for W in (3.5) and integrating over θ’s, we then find
Γ4 =
∫
d4xdvH(4)(ϕ+ iXev5e)∂αα˙Xa∂ββ˙Xb∂αβ˙Xc∂βα˙Xd
×(v1a − iv2a)(v1b + iv2b )(v3c + iv4c )(v3d − iv4d)
−
∫
d4xdvH(3)(ϕ+ iXev5e)∂αα˙Xa∂ββ˙Xb∂αα˙∂ββ˙(ϕ− iXcv5c )
×(v1a − iv2a)(v1b + iv2b )
−
∫
d4xdvH(3)(ϕ+ iXev5e)∂αβ˙Xa∂βα˙Xb∂αα˙∂ββ˙(ϕ− iXcv5c )
×(v3a + iv4a)(v3b − iv4b )
+
1
2
∫
d4xdvH(2)(ϕ+ iXev5e)∂αα˙∂ββ˙(ϕ− iXav5a)∂αα˙∂ββ˙(ϕ− iXbv5b ) . (3.12)
The Levi-Civita tensor, required for the WZ term, arises only from the cyclic contraction
of the spinor indices on four ∂’s. With ∂αα˙ = σ
m
αα˙∂m and ∂
αα˙ = σ˜mαα˙∂m, the relevant
trace formula is
tr σ˜mσnσ˜pσq = −2iεmnpq + 2(ηmnηpq + ηnpηmq − ηmpηnq) . (3.13)
In addition, if two ∂’s act on the same object, there is no contribution to the WZ term as
εmnpq∂m∂n vanishes. Therefore, only the first integral in (3.12) contributes, and we find
ΓWZ = 8iε
mnpq
∫
d4xdvH(4)(ϕ+ iXev5e)∂mXa∂nXb∂pXc∂qXdv1av2bv3cv4d . (3.14)
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Using again the series expansion (3.7) and computing the harmonic integral for each term
in the series with the help of (A.37), we obtain
ΓWZ = −εmnpqεabcde
∫
d4xXa∂mXb∂nXc∂pXd∂qXe
∞∑
n=0
(−XfXf )nH(2n+5)(ϕ)
(2n+ 5)(2n+ 3)(2n+ 1)!
.
(3.15)
Substituting (3.9) into (3.15) and summing the series, we find
ΓWZ = −8
5
κεmnpqεabcde
∫
d4x
g
(√
XfXf
ϕ2
)
ϕ5
Xa∂mXb∂nXc∂pXd∂qXe , (3.16)
where
g(z) =
5
8z5
(
3 arctan z − z (3 + 5z
2)
(1 + z2)2
)
. (3.17)
This matches (2.13,2.16) with N = 1 perfectly, provided we once again identify ϕ = X6
and use the value for κ given in (3.11).
We have therefore established that the N = 4 harmonic superspace action (1.5) con-
tains both the ‘F 4/X4’ term (1.1) and the WZ term (1.2) and therefore represents the
four-derivative part in the N = 4 SYM effective action on the Coulomb branch.
4 Effective action in N = 2 harmonic superspace
In this section, we will analyze the N = 2 harmonic superspace form of the four-derivative
part in the N = 4 SYM effective action on the Coulomb branch. This form was found
in [29] via N = 4 supersymmetrization of the N = 2 supersymmetric non-holomorphic
potential [30, 20]. We will establish that it does include the WZ term (1.2), which this
time will arise in its SO(4)× SO(2) form (2.20).
4.1 Scale-invariant and N = 4 supersymmetric effective action
The N = 4 gauge multiplet consists of an N = 2 gauge multiplet and an N = 2 hyper-
multiplet. Within the N = 2 harmonic superspace approach [28], these two multiplets are
described by off-shell unconstrained harmonic superfields (see Appendix B). However, for
the purpose of writing the N = 4 SYM effective action on-shell, we will use constrained
superfields. With all component fields satisfying their classical equations of motion (1.4),
the N = 2 gauge superfield strength W (together with its conjugate W¯ ) and the N = 2
hypermultiplet superfield q+a = (q
+,−q¯+) 8 have the following component expansions in
the bosonic sector:
W = φ+ 2iθ−σmθ¯+∂mφ+
1√
2
θ+α θ
−
β σ
mα
α˙σ
nβα˙Fmn
W¯ = φ¯+ 2iθ+σmθ¯−∂mφ¯+
1√
2
θ¯−
β˙
θ¯+α˙ σ
mα˙
ασ
nαβ˙Fmn (4.1)
8In this section, we use indices a, b, c = 1, 2 for the Pauli-Gursey SU(2) group [28]. These indices
should not be confused with the SO(5) ones used in the previous section.
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and
q+ = f iu+i + 2iθ
+σmθ¯+∂mf
iu−i
q¯+ = −f¯ iu+i − 2iθ+σmθ¯+∂mf¯ iu−i . (4.2)
The six scalars are now described by complex fields φ and f i in the 1 and 2 of SU(2)R,
respectively. Under the remaining U(1)R of the total U(2) R-symmetry of the N = 2
superalgebra, θ±α have charge +1, φ has charge +2, whereas f
i and harmonics u±i are
neutral. (The ± on θ±α and u±i are charges under a U(1) subgroup of SU(2)R.) On the
other hand, the index a on q+a refers to a different SU(2), the so-called Pauli-Gursey
SU(2)PG. The U(2) R-symmetry together with SU(2)PG gives rise to the SU(2)PG ×
SU(2)R × U(1)R subgroup (1.3) in the SU(4) R-symmetry of the N = 4 SYM.
The complete N = 4 SYM effective action, Γ, is a functional of the superfields W, W¯
and q+a . In the four-derivative part, these superfields must appear without derivatives,
Γ4 =
∫
d4xd8θduL4(W, W¯ , q+, q¯+) , (4.3)
as the Grassmann part of the full N = 2 superspace measure already provides the appro-
priate number of derivatives. The part of L4 that depends only on W and W¯ is called the
‘non-holomorphic potential’ [18]. Scale invariance fixes the form of this potential uniquely,
up to a coefficient [30, 20]
L4(W, W¯ , q+, q¯+)|q=0 = c lnW
Λ
ln
W¯
Λ
. (4.4)
Fixing the coefficient c requires explicit one-loop calculations. For the case at hand, with
SU(2) gauge group spontaneously broken to U(1), this yields [31, 32, 33]
c =
1
(4π)2
. (4.5)
Buchbinder and Ivanov [29] showed that including the hypermultiplets in a way con-
sistent with on-shell N = 4 supersymmetry leads uniquely to
L4(W, W¯ , q+, q¯+) = c
{
ln
W
Λ
ln
W¯
Λ
+H(Z)
}
(4.6)
with 9
H(Z) =
Z − 1
Z
ln(1− Z) + Li2(Z)− 1 =
∞∑
n=1
Zn
n2(n + 1)
, (4.7)
where Li2(Z) is the dilogarithm function and the superfield Z is defined by
Z = −q
+aq−a
W¯W
. (4.8)
Here q−a = D
−−q+a . This Z is manifestly SU(2)PG × SU(2)R × U(1)R invariant.
9 The function (4.7) has been rederived in [43, 44, 45, 46] through perturbative quantum calculations
using powerful computational techniques of the off-shell N = 2 harmonic superspace.
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4.2 The ‘F 4/X4’ term in the N = 2 superspace action
In [29], it has been verified that the superfield expression for Γ4 contains the ‘F
4/X4’ term
(1.1). Indeed, using (4.1) and (4.2) with constant scalars, and performing the superspace
integration in (4.3) with L4 given in (4.6), we find
ΓF 4 =
c
4
∫
d4x
FmnF
nkFklF
lm − 1
4
(FpqF
pq)
φ2φ¯2
∞∑
n=0
(n+ 1)
(−f if¯i
φφ¯
)n
=
c
4
∫
d4x
FmnF
nkFklF
lm − 1
4
(FpqF
pq)
(φφ¯+ f if¯i)2
. (4.9)
With c given in (4.5), and f i and φ related to the six real scalars XA via
f 1 = X1 + iX2, f
2 = X3 + iX4, φ = X6 + iX5; f¯i = (f i), φ¯ = (φ) , (4.10)
this yields the coefficient of the ‘F 4/X4’ term quoted in (1.1).
4.3 The WZ term in the N = 2 superspace action
For a general L4, the action (4.3) contains a pure scalar WZ-like term [47]. As we will
show next, the particular L4 given in (4.6) leads to the SO(6)-invariant WZ term (1.2).
The non-holomorphic potential (4.4) does not contribute to the WZ term, as it depends
only on two of the six scalars. Therefore, the WZ term is determined by the functionH(Z)
in (4.6). We evaluate the relevant integral,
∫
d4θH(Z), by projection with the superspace
covariant derivatives, see Appendix B.2, and find the following result for the part involving
the Levi-Civita tensor,
ΓWZ = 2icε
mnpq
∫
d4xdu
[
∂4H(z)
∂f+a ∂f
+
b ∂f
−
c ∂f
−
d
∂mf
−
d ∂nf
+
c ∂pf
+
b ∂qf
−
a
+
∂4H(z)
∂φ∂f+a ∂f
+
b ∂f
−
c
∂mφ∂nf
+
c ∂pf
+
b ∂qf
−
a +
∂4H(z)
∂φ∂f+a ∂f
−
c ∂f
−
d
∂mf
−
d ∂nf
+
c ∂pφ∂qf
−
a
]
, (4.11)
where f±a = f
i
au
±
i are the lowest components of q
±
a , and
z =
f+a ε
abf−b
φφ¯
= −f
if¯i
φφ¯
= −X
2
1 +X
2
2 +X
2
3 +X
2
4
X25 +X
2
6
(4.12)
is the lowest component of the superfield Z in (4.8). The ΓWZ in (4.11) is the sum of
three terms, ΓWZ = T1 + T2 + T3, of which the first one is imaginary and the other two
are complex. The imaginary part of T2 + T3 can be written as follows
icεmnpq
∫
d4xdu ∂nf
+
c ∂qf
−
a (∂pf
+
b
∂
∂f+b
− ∂pf−b
∂
∂f−b
)(∂mφ
∂
∂φ
+ ∂mφ¯
∂
∂φ¯
)
∂2H(z)
∂f+a ∂f
−
c
. (4.13)
Integrating here by parts with ∂m, we obtain precisely −T1, i.e. the first term in (4.11)
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with opposite sign. Therefore, ΓWZ is equal to the real part of T2 + T3,
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icεmnpq
∫
d4xdu ∂nf
+
c ∂qf
−
a (∂pf
+
b
∂
∂f+b
− ∂pf−b
∂
∂f−b
)(∂mφ
∂
∂φ
− ∂mφ¯ ∂
∂φ¯
)
∂2H(z)
∂f+a ∂f
−
c
. (4.14)
The partial derivatives of the function H with respect to f±a , φ and φ¯ reduce to ordinary
derivatives with respect to z. As z, given in (4.12), is independent of the harmonics, the
identities (B.9) are sufficient to evaluate all the harmonic integrals. This way we find
ΓWZ = icε
mnpq
∫
d4x
(
∂mφ
φ
− ∂mφ¯
φ¯
){
∂qf
i
a∂nf
c
i ∂pf
j
c f
a
j
2H(2) + zH(3)
(φφ¯)2
−
(
1
12
∂nf
i
cf
c
k∂qf
k
a f
a
j ∂pf
j
b f
b
i +
1
8
fakfak∂nf
i
c∂qf
c
j ∂pf
j
b f
b
i
)
3H(3) + zH(4)
(φφ¯)3
}
, (4.15)
where H(n) = dnH(z)/dzn. With f ia = (f
i, f¯ i) and fai = (−f¯i, fi), we then obtain
ΓWZ = icε
mnpq
∫
d4x
[
6H(2)+6zH(3)+z2H(4)
]∂nf i∂pf¯i(∂qf j f¯j − ∂q f¯jf j)
(φφ¯)2
∂m ln
φ
φ¯
. (4.16)
Finally, using (4.10) together with the polar decomposition for φ,
φ = X6 + iX5 = Xe
iα , (4.17)
we find that
ΓWZ = −4c
3
εmnpqεa
′b′c′d′
∫
d4x
[
6H(2)+6zH(3)+z2H(4)
]Xa′∂nXb′∂pXc′∂qXd′
X4
∂mα , (4.18)
where a′, b′ = 1, 2, 3, 4 are SO(4) indices and ε1234 = 1. For any H(z), this WZ-like term
has manifest SO(4)×SO(2) invariance. But only for particular H(z) this invariance gets
extended to SO(6). The H(z) given in (4.7) is one such function. It satisfies 11
6H(2)(z) + 6zH(3)(z) + z2H(4)(z) =
1
(z − 1)2 , (4.19)
so that (4.18) becomes
ΓWZ =
4
3
c εmnpqεa
′b′c′d′
∫
d4x
Xa′∂mXb′∂nXc′∂pXd′
(Xe′Xe′ +X2)2
∂qα . (4.20)
10 Contrary to eq. (6.14) in [47], we find it impossible to rewrite ΓWZ so that φ and φ¯ appear without
derivatives. Their eq. (6.12), however, agrees with our eq. (4.11). On the other hand, eq. (4.13) in [46]
is incomplete, as it includes only the first (imaginary) term in our eq. (4.11). Of course, these small
corrections do not affect the key results of [47] and [46].
11 The function (4.7) is a particular solution to the fourth order differential equation (4.19). The
general solution is a sum of this particular solution and
c1
z
+ c2 + c3 ln z + c4z ,
where the four c’s are arbitrary constants. Therefore, requiring that (4.3) with (4.6) yields the WZ term
(4.20) does not fix H(z) uniquely. However, as shown in [29], the requirement of N = 4 supersymmetry
selects the H(z) in (4.7) as the unique possibility.
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With c given in (4.5), this matches (2.20) perfectly.
Therefore, we have explicitly verified that the action of Buchbinder and Ivanov [29],
providing the N = 2 harmonic superspace expression for Γ4, contains both the ‘F 4/X4’
term (1.1) and the WZ term (1.2).
5 Summary and discussion
In this paper, we discussed the Wess-Zumino term [13, 14] in the low-energy effective
action for N = 4 SYM on the Coulomb branch. The WZ term has well-known five-
dimensional form (1.2) with manifest SO(6) R-symmetry. We found, however, that it is
also important to know its four-dimensional forms, even though the full SO(6) symmetry
cannot be manifest in such a formulation. We argued that the subgroups of SO(6) that
can be made manifest determine natural superspaces for the description of the effective
action.
As the WZ term reflects the anomaly in the R-symmetry currents, the determining
factor is whether the subgroups are anomalous or not. We found that three maximal
subgroups, SO(5), SO(4) × SO(2), and SO(3) × SO(3), are non-anomalous, and we
explicitly constructed three four-dimensional forms of the WZ term with these symmetries
being manifest. The SO(5) form has been discussed before [37, 48], whereas the two other
forms are new. (We also demonstrated that in a general d-dimensional SO(d+2)-invariant
WZ term [37] the SO(n) × SO(d + 2 − n) subgroup for any n can be made manifest.)
The fourth maximal subgroup of SO(6) ≃ SU(4) R-symmetry, SU(3)×U(1), is however
anomalous, which implies that it is not possible to keep it manifest in a four-dimensional
form of the WZ term.
We showed that the SO(5) and SO(4)×SO(2) R-symmetry subgroups point naturally
to N = 4 USp(4) [25, 26] and N = 2 SU(2) [28] harmonic superspaces, respectively.
Starting with the known expressions [26, 29] for the N = 4 SYM effective action in these
superspaces, we identified WZ-like terms that they contain and found that these match
perfectly the SO(5) and SO(4)× SO(2) forms of the SO(6)-invariant WZ term. In the
N = 2 case [29], our results correct and complete similar investigations in [47, 46]. The
WZ term in the N = 4 formulation [26] has not been previously discussed.
Our results also explicitly confirm that the N = 4 supersymmetrization of either the
‘F 4/X4’ term (1.1) or the WZ term (1.2) leads to the same action, which is the four-
derivative part in the N = 4 SYM effective action [20].
The forms of the N = 4 SYM effective action in the N = 2 [29] and N = 4 [26]
superspaces were found as unique superfield expressions obeying the requirements of scale
invariance and full N = 4 supersymmetry. These symmetries leave only the overall
coefficient undetermined. Fixing this coefficient requires explicit one-loop calculations.
However, as the coefficient in front of the WZ term must be quantized [2], the ambiguity
is reduced to choosing an integer N in (2.12). In the simplest case that we considered,
with SU(2) gauge group spontaneously broken to U(1), this coefficient takes its minimal
allowed value, N = 1 [13]. In the general case of a gauge group Gg broken to its subgroup
Hg, one finds N = (|Gg| − |Hg|)/2 [14].
Our results also shed more light on the problem of describing the N = 4 SYM effective
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action in N = 3 harmonic superspace and in the conventional N = 1 superspace.
The N = 3 harmonic superspace [49, 50] is based on the SU(3) R-symmetry group.
However, as we argued, it is not possible to write the WZ term in a four-dimensional
form with SU(3) R-symmetry being manifest. This makes the formulation of the effective
action in the N = 3 superspace non-trivial. The SU(3) R-symmetry must be explicitly
broken in the superspace Lagrangian, but in such a way that it is restored upon superspace
integration. This would be similar to the way the constant Λ apparently breaks scale
invariance in (1.5) and (1.6). Alternatively, one can have manifest SU(3) R-symmetry at
the price of non-manifest locality. Such a form of the N = 4 SYM effective action has
been proposed in [51]. Similarly, one could try to maintain manifest SU(4) R-symmetry
by either sacrificing manifest locality in four dimensions, or by N = 4 supersymmetrizing
the WZ term (1.2) directly in five dimensions [52].
In the N = 1 superspace formulation of the classical N = 4 SYM action, the SU(3)
R-symmetry rotates three chiral superfields [53], whereas in the N = 3 superspace it
rotates Grassmann coordinates. Nonetheless, we conclude that in the N = 1 superspace
formulation of the effective action [20], the SU(3) R-symmetry cannot be manifest. This
makes the problem of constructing the N = 1 form of the effective action Γ4 particularly
interesting.
Finally, the form of the WZ term with manifest SO(3)×SO(3) subgroup of the SO(6)
R-symmetry deserves further study. It would be interesting to see to which superspace
formulation of the N = 4 SYM effective action does it correspond.
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A N = 4 USp(4) harmonic superspace
N = 4 USp(4) harmonic superspace has been developed in [25, 26]. Here we will give a
summary of its basic features relevant for the discussion in Section 3.
A.1 USp(4) harmonics and covariant derivatives
Harmonics uii on a coset G/H correspond to a G-matrix with i running over the fun-
damental representation of G and i running over the reducible representation of H that
defines its embedding in G [25]. For G = USp(4) and H = U(1)× U(1) embedded as
4 = (+1, 0) + (−1, 0) + (0,+1) + (0,−1) , (A.1)
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this gives USp(4)/[U(1)× U(1)] harmonics uii, with i = 1, 2, 3, 4 and
i = (+, 0), (−, 0), (0,+), (0,−) , (A.2)
which form an USp(4) matrix u,
uu† = I4 , uΩu
T = Ω . (A.3)
Here I4 is the unit matrix and Ω is a constant antisymmetric matrix, Ω
T = −Ω. Being
the USp(4) invariant tensor, Ω is used to raise and lower USp(4) indices, e.g.,
uii = Ωijuij , u
i
i = Ωiju
ij ; ΩijΩjk = δ
i
k . (A.4)
Constraints (A.3) yield orthogonality conditions,
u(+,0)iu
(−,0)
i = u
(0,+)iu
(0,−)
i = 1 ,
u
(+,0)
i u
(0,+)i = u
(+,0)
i u
(0,−)i = u
(0,+)
i u
(−,0)i = u
(−,0)
i u
(0,−)i = 0 , (A.5)
and completeness relations,
u
(+,0)
i u
(−,0)
j − u(+,0)j u(−,0)i + u(0,+)i u(0,−)j − u(0,+)j u(0,−)i = Ωij . (A.6)
Grassmann coordinates θiα, θ¯
i
α˙ and the corresponding covariant spinor derivatives D
i
α,
D¯iα˙ of the conventional N = 4 superspace are projected with the harmonics,
θiα = −uiiθiα , θ¯iα˙ = uiiθ¯iα˙ , Diα = uiiDiα , D¯iα˙ = −uiiD¯iα˙ . (A.7)
Complex conjugation operates as follows
(u
(±,0)
i ) = ∓u(∓,0)i, (u(0,±)i ) = ∓u(0,∓)i, (Ωij) = −Ωij . (A.8)
Another useful ‘tilde-conjugation’ is defined by
˜
u
(±,0)
i = u
(0,±)i ,
˜
u
(0,±)
i = u
(±,0)i , u˜(±,0)i = −u(0,±)i , u˜(0,±)i = −u(±,0)i ,
˜
θ
(±,0)
α = θ¯
(0,±)
α˙ ,
˜
θ
(0,±)
α = θ¯
(±,0)
α˙ ,
˜¯
θ
(0,±)
α˙ = −θ(±,0)α , ˜¯θ(±,0)α˙ = −θ(0,±)α ,
˜
D
(±,0)
α = −D¯(0,±)α˙ , ˜D(0,±)α = −D¯(±,0)α˙ , ˜¯D(±,0)α˙ = D(0,±)α , ˜¯D(0,±)α˙ = D(±,0)α . (A.9)
Besides spinorial D’s, there are also bosonic USp(4)-covariant harmonic derivatives
D(±±,0) = u
(±,0)
i
∂
∂u
(∓,0)
i
, D(0,±±) = u
(0,±)
i
∂
∂u
(0,∓)
i
,
D(±,±) = u
(±,0)
i
∂
∂u
(0,∓)
i
+ u
(0,±)
i
∂
∂u
(∓,0)
i
, D(±,∓) = u
(±)
i
∂
∂u
(0,±)
i
− u(0,∓)i
∂
∂u
(∓,0)
i
,
S1 = u
(+,0)
i
∂
∂u
(+,0)
i
− u(−,0)i
∂
∂u
(−,0)
i
, S2 = u
(0,+)
i
∂
∂u
(0,+)
i
− u(0,−)i
∂
∂u
(0,−)
i
.
(A.10)
The operators S1 and S2 measure the U(1)× U(1) charges of other operators,
[S1, D
(s1,s2)] = s1D
(s1,s2) , [S2, D
(s1,s2)] = s2D
(s1,s2) , [S1, S2] = 0 . (A.11)
The complete algebra of the harmonic derivatives is given in eq. (A.3) of [26]. It is
isomorphic to the Lie algebra of USp(4). The two triplets of operators in
[D(++,0), D(−−,0)] = S1 , [D
(0,++), D(0,−−)] = S2 , (A.12)
define an SU(2)× SU(2) subgroup of USp(4).
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A.2 Analytic subspace
N = 4 USp(4) harmonic superspace {xm, θiα, θ¯iα˙, uii} contains several analytic subspaces
with 8 (out of the total 16) real Grassmann coordinates [26]. One such subspace is
parametrized by
{ζ, u} = {(xm[A], θ(+,0)α , θ(−,0)α , θ¯(0,+)α˙ , θ¯(0,−)α˙ ), uii} , (A.13)
where
xm[A] = x
m − iθ(0,−)σmθ¯(0,+) + iθ(0,+)σmθ¯(0,−) − iθ(+,0)σmθ¯(−,0) + iθ(−,0)σmθ¯(+,0) . (A.14)
In this analytic subspace, the following Grassmann derivatives become short,
D
(0,±)
[A]α = ±
∂
∂θ(0,∓)α
, D¯
(±,0)
[A]α˙ = ±
∂
∂θ¯(∓,0)α˙
. (A.15)
The analytic measure used for integrating over the analytic subspace (A.13) is
dζdu = d4x[A]d
8θ[A]du . (A.16)
Integration over Grassmann variables is defined by∫
d8θ[A](θ
(+,0))2(θ(−,0))2(θ¯(0,+))2(θ¯(0,−))2 = 1 , (A.17)
whereas the harmonic integral is defined to select the USp(4) singlet∫
du 1 = 1 ,
∫
du (non-singlet USp(4) irreducible representation) = 0 . (A.18)
A.3 Gauge superfield strength
In the conventional N = 4 superspace {xm, θiα, θ¯iα˙}, the gauge superfield strength W ij is
constrained by
W ij = −W ji, W ij = 1
2
εijklW
kl
DiαW
jk +DjαW
ik = 0, D¯iα˙W
jk =
1
3
(δji D¯lαW
lk − δki D¯lα˙W lj) . (A.19)
Among its harmonic projections, W ij = uiiu
j
jW
ij, we select the following one 12
W = u(0,+)i u(0,−)j W ij . (A.20)
This superfield alone is sufficient to describe the N = 4 gauge multiplet [26]. The con-
straints (A.19) imply the following restrictions on W,
W˜ =W , (A.21)
D(0,+)α W = D(0,−)α W = D¯(+,0)α˙ W = D¯(−,0)α˙ W = 0 , (A.22)
D(++,0)W = D(−−,0)W = D(0,++)W = D(0,−−)W = 0 , (A.23)
(D(+,+))2W = 0 . (A.24)
12 W is neutral with respect to the U(1)× U(1) subgroup of USp(4): S1W = S2W = 0.
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According to (A.21),W is real with respect to tilde-conjugation (A.9). Thanks to (A.15),
constraints (A.22) are trivially solved in the analytic subspace (A.13):
W =W(xm[A], θ(±,0)α , θ¯(0,±)α˙ , uii) . (A.25)
In this analytic subspace, harmonic derivatives in (A.23) and (A.24) take the following
form (omitting terms that act trivially on W)
D
(±±,0)
[A] = D
(±±,0) + θ(±,0)
∂
∂θ(∓,0)
, D
(0,±±)
[A] = D
(0,±±) + θ(0,±)
∂
∂θ(0,∓)
, (A.26)
D
(+,+)
[A] = D
(+,+) + θ(0,+)
∂
∂θ(−,0)
+ θ¯(+,0)
∂
∂θ¯(0,−)
−2i(θ(+,0)σmθ¯(0,+) − θ(0,+)σmθ¯(+,0))∂[A]m , (A.27)
where D(±±,0), D(0,±±) and D(+,+) are as defined in (A.10). As the harmonic derivatives in
(A.26) do not involve space-time derivatives, constraints (A.23) are also kinematical. With
(A.12), they simply express the fact that W depends only on USp(4)/[SU(2) × SU(2)]
harmonics. The only dynamical constraint, which puts W on shell, is (A.24).
The superfield W describes the N = 4 gauge multiplet with six scalars, four spinors
and one gauge field. The latter enters W as the gauge-invariant field strength Fmn. The
six scalars split into 1 and 5 of USp(4) described, respectively, by ϕ and f ij satisfying
ϕ = ϕ; f ij = −f ji, f ijΩij = 0, (f ij) = f¯ij = −fij . (A.28)
Omitting the fermions (gauginos), the component expansion of W reads
W = ϕ+ f ij(u(+,0)[i u(−,0)j] − u(0,+)[i u(0,−)j] )
+
1√
2
(θ(+,0)α θ
(−,0)
β σ
mα
α˙σ
nβα˙ − θ¯(0,+)α˙ θ¯(0,−)β˙ σmα˙ασnαβ˙)Fmn
−4iθ(+,0)α θ¯(0,+)α˙ ∂αα˙f iju(−,0)[i u(0,−)j] − 4iθ(−,0)α θ¯(0,−)α˙ ∂αα˙f iju(+,0)[i u(0,+)j]
+4iθ(+,0)α θ¯
(0,−)
α˙ ∂
αα˙f iju
(−,0)
[i u
(0,+)
j] + 4iθ
(−,0)
α θ¯
(0,+)
α˙ ∂
αα˙f iju
(+,0)
[i u
(0,−)
j]
+4θ(+,0)α θ
(−,0)
β θ¯
(0,+)
α˙ θ¯
(0,−)
β˙
∂αα˙∂ββ˙ [ϕ− f ij(u(+,0)[i u(−,0)j] − u(0,+)[i u(0,−)j] )] . (A.29)
The missing gaugino-dependent terms are given in eq. (5.21) of [26].
A.4 SO(5) harmonics
The 5 of USp(4) ≃ SO(5) is given by the antisymmetric Ω-traceless part of 4 × 4. The
corresponding Clebsch-Gordan coefficients are gamma matrices γija , with a = 1, 2, 3, 4, 5
of SO(5) and i = 1, 2, 3, 4 of USp(4), such that
γija = −γj ia , Ωijγija = 0, γaijγjkb + γbijγjka = 2δabδki , (γija ) = −γaij ,
γija γb ij = −4δab , γaijγkla = −2(δki δlj − δliδkj )− ΩijΩkl . (A.30)
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Using the bilinear combinations of USp(4)/[U(1)×U(1)] harmonics appearing in (A.29),
we define
v(−,−)a = γ
ij
a u
(−,0)
[i u
(0,−)
j] , v
(+,+)
a = γ
ij
a u
(+,0)
[i u
(0,+)
j] ,
v(−,+)a = γ
ij
a u
(−,0)
[i u
(0,+)
j] , v
(+,−)
a = γ
ij
a u
(+,0)
[i u
(0,−)
j] ,
v(0,0)a = γ
ij
a (u
(+,0)
[i u
(−,0)
j] − u(0,+)[i u(0,−)j] ) . (A.31)
These objects have definite U(1) × U(1) charges [41], but they do not form an SO(5)
matrix as their non-zero products are
v(−,−)a v
(+,+)
a = −2, v(−,+)a v(+,−)a = +2, v(0,0)a v(0,0)a = −4 . (A.32)
We therefore define SO(5) harmonics vab by
v1a =
1
2
(v(−,−)a − v(+,+)a ), v2a =
i
2
(v(−,−)a + v
(+,+)
a )
v3a =
i
2
(v(−,+)a − v(+,−)a ), v4a =
1
2
(v(−,+)a + v
(+,−)
a ), v
5
a = −
i
2
v(0,0)a . (A.33)
These are real, (vba) = v
b
a, and obey
vac v
b
c = δ
ab , εabcdev1av
2
bv
3
cv
4
dv
5
e = 1 . (A.34)
The integration over SO(5) harmonic variables is defined by∫
dv 1 = 1 ,
∫
dv (non-singlet SO(5) irrep) = 0 . (A.35)
Two basic harmonic integrals are∫
dv v5av
5
b =
1
5
δab ,
∫
dv v1av
2
bv
3
cv
4
dv
5
e =
1
5!
εabcde . (A.36)
A bit of combinatorics yields the following generalization of these integrals 13∫
dv v5a1 . . . v
5
ak
=

3
(2n+ 1)(2n+ 3)
δ(a1a2 . . . δak−1ak) , k = 2n
0 , k = 2n + 1∫
dv v1av
2
bv
3
cv
4
dv
5
ev
5
e1 . . . v
5
ek
=

εabcd(eδe1e2 . . . δek−1ek)
8(5 + 2n)(2n+ 3)
, k = 2n
0 k = 2n+ 1 .
(A.37)
The gamma matrices also relate f ij to Xa,
f ij =
1
2
γija Xa , Xa = γaijf
ij , f ijfij = −XaXa . (A.38)
The sixth scalar is the SO(5) singlet: ϕ = X6.
13 We (anti)symmetrize with ‘strength one’: [ab] = (ab− ba)/2, (ab) = (ab + ba)/2, etc.
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B N = 2 harmonic superspace
The standard N = 2 harmonic superspace [27, 28] is based on SU(2)/U(1) harmonics uii.
Here i = 1, 2 is the fundamental SU(2) index and i = +,− corresponds to the reducible
representation of the U(1) that defines its embedding in SU(2): 2 = (+1) + (−1). The
harmonics uii form an SU(2) matrix u (uu
† = I2, det u = 1), so that
u+iu−i = 1, u
+iu+i = u
−iu−i = 0, u
+
i u
−
j − u+j u−i = εij , (B.1)
where the SU(2) index is raised with the SU(2) invariant tensor εij,
ui = εijuj, ui = εiju
j; εijε
jk = δki . (B.2)
The harmonic projections of N = 2 Grassmann variables and spinor derivatives are
θ±α = u
±
i θ
i
α, θ¯
±
α˙ = u
±
i θ¯
i
α˙, D
±
α = u
±
i D
i
α, D¯
±
α˙ = u
±
i D¯
i
α˙ . (B.3)
Bosonic SU(2)-covariant harmonic derivatives,
D++ = u+i
∂
∂u−i
, D−− = u−i
∂
∂u+i
, D0 = u+i
∂
∂u+i
− u−i ∂
∂u−i
, (B.4)
form an SU(2) algebra: [D++, D−−] = D0, [D0, D±±] = ±2D±±. Tilde-conjugation is
defined by
(˜u±i ) = u
±i, (˜u±i) = −u±i , (˜θ±α ) = θ¯±α˙ , (˜θ¯±α˙ ) = −θ±α . (B.5)
In the N = 2 harmonic superspace {xm, θiα, θ¯iα˙, uii}, there is a real analytic subspace,
{ζA, u} = {(xmA , θ+α , θ¯+α˙ ), u±i }; xmA = xm − iθ+σmθ¯− − iθ−σmθ¯+ . (B.6)
In the analytic subspace, D+ derivatives become short,
D+Aα =
∂
∂θ−α
, D¯+Aα˙ =
∂
∂θ¯−α˙
. (B.7)
Integration measures for the full superspace and its analytic subspace are defined by
dζ
(−4)
A = d
4xAd
4θ+ ,
∫
d4θ+(θ+)2(θ¯+)2 = 1 ,
∫
d8θ(θ+)2(θ−)2(θ¯+)2(θ¯−)2 = 1 . (B.8)
The harmonic integral is defined to yield one for the singlet representation,
∫
du 1 = 1,
and zero for any other irreducible representation of SU(2). Useful examples are∫
du u+i u
+
j u
−
k u
−
l =
1
6
(εikεjl + εilεjk)∫
du u+i u
+
j u
+
k u
−
l u
−
mu
−
n =
1
24
(εilεjmεkn + εilεjnεkm + εimεjlεkn
+εimεjnεkl + εinεjlεkm + εinεjmεkl) . (B.9)
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B.1 N = 2 gauge and hyper multiplets
The N = 4 gauge multiplet splits into one N = 2 gauge multiplet and one N = 2
hypermultiplet. In N = 2 harmonic superspace, these are described, respectively, by
analytic prepotentials V ++ and q+a = (q
+,−q¯+),
D+αV
++ = D¯+α˙V
++ = 0 , D+α q
+
a = D¯
+
α˙ q
+
a = 0 . (B.10)
In addition, V˜ ++ = V ++ and q˜+a ≡ q+a = εabq+b . The gauge supefield strengths are
W = −1
4
(D¯+)2V −− , W¯ = −1
4
(D+)2V −− = W˜ , (B.11)
where V −− is uniquely defined by D++V −− = D−−V ++. The superfield strengths satisfy
D±±W = D±±W¯ = 0 , D¯±α˙W = D
±
α W¯ = 0 , (D
±)2W = (D¯±)2W¯ . (B.12)
These constraints do not put W and q+a on shell. The classical action for the abelian
N = 4 gauge multiplet is the sum of kinetic terms,
SN=4 =
1
4
∫
d4xd4θW 2 +
1
4
∫
d4xd4θ¯ W¯ 2 +
1
2
∫
d4xd4θdu q+a D
++q+a . (B.13)
The non-manifest N = 2 supersymmetry transformations are given by
δW = ǫ¯α˙aD¯−α˙ q
+
a , δW¯ = ǫ
αaD−α q
+
a , δq
+
a = ǫ
β
aD
+
βW + ǫ¯
α˙
a D¯
+
α˙ W¯ , (B.14)
where ǫαa are the anticommuting parameters. Component expansions in (4.1) and (4.2)
lead to canonical kinetic terms for bosonic fields. Classical equations of motion (1.4)
correspond to the following on-shell constraints on W and q+a ,
(D±)2W = (D¯±)2W¯ = 0 , D++q+a = 0 . (B.15)
These follow from (B.13) upon varying V ++ and q+a , as well as from closure of (B.14).
B.2 Obtaining the WZ term by projection
Combining the off-shell constraints (B.10,B.12) and on-shell constraints (B.15), and using
the algebra of covariant derivatives, we find the following on-shell identities
(D−)2q+a = (D¯
−)2q+a = 0 , (D
+)2q−a = (D¯
+)2q−a = 0 ,
(D+)2W = (D−)2W = D+αD−αW = 0 ,
(D¯+)2W¯ = (D¯−)2W¯ = D¯+α˙D¯−α˙ W¯ = 0 , (B.16)
and
2i∂αα˙q
+
a = D¯
+
α˙D
−
α q
+
a = −D+α D¯−α˙ q+a = D+α D¯+α˙ q−a = −D¯+α˙D+α q−a ,
2i∂αα˙q
−
a = D
−
α D¯
+
α˙ q
−
a = −D¯−α˙D+α q−a = D¯−α˙D−α q+a = −D−α D¯−α˙ q+a ,
2i∂αα˙W = −D¯−α˙D+αW = D¯+α˙D−αW , (B.17)
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where q−a = D
−−q+a . Noting that∫
d8θ f = D¯4D4f |θ=0, D¯4D4 = 1
28
D¯+α˙ D¯
+α˙D¯−
β˙
D¯−β˙D+αD+αD
−βD−β , (B.18)
we calculate
D¯4D4H(W, W¯ , q+a , q
−
a ) = −
∂4H
∂q+a ∂q
+
b ∂q
−
c ∂q
−
d
∂αβ˙q−d ∂α˙αq
+
c ∂
βα˙q+b ∂ββ˙q
−
a
− ∂
4H
∂W∂q+a ∂q
+
b ∂q
−
c
∂αβ˙W∂αα˙q
+
c ∂
βα˙q+b ∂ββ˙q
−
a
− ∂
4H
∂W∂q+a ∂q
−
c ∂q
−
d
∂αβ˙q−d ∂αα˙q
+
c ∂
βα˙W∂ββ˙q
−
a + . . . , (B.19)
where we have shown only terms with cyclic contraction of the spinor indices. Upon
projecting to θ = 0, we find the expression for ΓWZ given in (4.11). Alternatively, one
could use θ-expansions (4.1) and (4.2) and integrate by the rule given in (B.8).
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